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Overview - Motivation

▶ Brain network analysis → Organization and dynamics of brain activity →
Study of brain disorders such as epilepsy.

▶ Information partial directed coherence (iPDC) (based on Granger causality;
related to mutual information) → Brain connectivity digraphs → Reflects the
causal relationships between brain structures.

▶ Usual graph measures cannot always provide relevant insights into the network
topology → The analysis of the clique topology allows us to go beyond usual
graph theoretical analysis → Reveals new properties associated with the
network.
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Overview - Goals

The goal of the thesis is twofold:

1. To develop rigorously a new quantitative theory for digraph-based complexes,
with special emphasis on directed higher-order connectivity (higher-order
relations) between directed cliques (including the software).

2. To apply the methods of the new theory to epileptic brain networks obtained
through iPDC to quantitatively investigate their higher-order topologies and
search for new biomarkers based on their directed higher-order structures
and connectivities, thus pointing out potential applications of the theory in
network neuroscience.
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Part I: Towards a Quantitative Theory of
Digraph-Based Complexes
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Directed Cliques

A directed (k + 1)-clique (Reimann, 2017) is a digraph G = (V ,E ), V = {v0, ..., vk},
whose underlying undirected graph is a (k + 1)-clique and for each 0 ≤ i < j ≤ k ,
vi ∈ V , and there is a directed edge from vi to vj , i.e. (vi , vj) ∈ E , for all i < j .

Notice that, by definition, every directed (k + 1)-clique has a source (v0) and a sink
(vk) and is a directed acyclic graph (DAG).
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Directed Flag Complexes

Directed Flag Complexes = Directed Clique Complexes

The directed k-simplices of a directed flag complex span the corresponding directed
(k + 1)-cliques in the corresponding digraph.
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Directed Higher-Order Connectivity between Directed Simplices

dFl(G ) → the directed flag complex of a digraph G , and σ(n) = [v0, ..., vn] ∈ dFl(G ).

▶ The i-th face map d̂i is defined by

d̂i (σ
(n)) =

{
(v0, ..., v̂i , ..., vn), if i ≤ n,

(v0, ..., vn−1, v̂n), if i > n.
(1)

▶ Let σ = σ(n), τ = τ (m) ∈ dFl(G ), with n,m ≥ q. σ is lower (q, d̂i , d̂j)-near to τ if
either of the following conditions is true:

1. σ ⊆ τ ;

2. d̂i (σ) ⊇ α(q) ⊆ d̂j(τ), for some q-simplex α(q) (i.e. if they share a q-face).
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Directed Higher-Order Connectivity - New Nomenclatures and Notations
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Directed Higher-Order Connectivity - New Definitions I
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Directed Higher-Order Connectivity - New Definitions II
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Maximal q-Digraphs

Definition. The (maximal) q-digraph of dFl(G ) is the digraph Gq = (Vq, Eq) whose vertices
are the maximal directed simplices of dFl(G ) and the arc σ → τ exists iff σ ∼+

Aq∗
τ .

Definition. The maximal q-adjacency matrix of Gq, denoted by Hq = Hq(Gq), is a real square
matrix whose entries are given by

(
Hq

)
ij
=

{
1, if σi ∼+

Aq∗
σj ,

0, if i = j or σi ̸∼+
Aq∗

σj .
(2)

Example:

Heitor Baldo PhD Thesis Defense



13/43

Examples - Maximal Directed Simplices and Maximal q-Digraphs
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Examples with Random Digraphs

Heitor Baldo PhD Thesis Defense



15/43

Simplicial Characterization Measures I

Graph characterization is concerned with describing some property of the network
through a local or global numerical graph invariant (properties that are invariant under
graph isomorphism).

Gq = (Vq, Eq) → Simplicial Characterization Measures →



Distance-Based Measures

Centrality Measures

Segregation Measures

Entropy Measures

Spectrum-Related Measures
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Simplicial Characterization Measures II
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Simplicial Characterization Measures III
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Simplicial Homology and Persistent Homology
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Simplicial Similarity Comparison Distances I
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Simplicial Similarity Comparison Distances II

Definition. Considering a directed flag complex X , we have the following definitions:

▶ First topological structure vector: Str1(X ) = (c0, ..., cn), where ck is the number of
(k + 1)-cliques.

▶ Fourth topological structure vector: Str4(X ) = (β0, ..., βn), where βk is the k-th Betti
number.

▶ Fifth topological structure vector: Str5(X ) = (l0, ..., ln), where li is the length of the k-th
barcode of the persistence barcode.

Definition. Consider two directed flag complexes X1 and X2, with X1 ̸= ∅ or X2 ̸= ∅. The
n-th topological structure distance between X1 and X2 is:

T n
td(X1,X2) =

||Strn(X1)− Str∗n (X2)||2
||Strn(X1)||2 + ||Str∗n (X2)||2

.
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Simplicial Similarity Comparison Distances III

Definition. The histogram cosine kernel (HCK) between X1 and X2, is defined as

KHCK (X1,X2) =
⟨Str1(X1), Str

∗
1 (X2)⟩√

⟨Str1(X1),Str1(X1)⟩
√
⟨Str∗1 (X2),Str∗1 (X2)⟩

.

Definition. The Jaccard kernel between X1 and X2, is defined as 1 minus the ratio
between the cardinality of their intersection and the cardinality of their union, i.e.

KJ(X1,X2) = 1− |X1 ∩ X2|
|X1 ∪ X2|

.
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Part II: Brain Connectivity Networks and a
Quantitative Graph/Simplicial Analysis of

Epileptic Brain Networks
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Brain Connectivity and Brain Connectivity Estimation
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Epilepsy as a Disorder of Brain Connectivity

▶ Epilepsy is notoriously a brain connectivity network disorder, characterized by a
direct relation between abnormal network dynamics and clinical symptoms.

▶ Fact constantly observed in the literature: patients diagnosed with epilepsy
present alterations in brain connectivity networks in the ictal phase (seizure)
compared to the interictal phase.
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Analysis of Epileptic Brain Networks - Research Questions

We want to analyze the dynamics of epileptic seizures through quantitative analysis of
brain (higher-order) network topology:

▶ How do the topological and functional properties of G-connectivity networks and
their respective q-digraphs change during the seizure in each hemisphere and in
each frequency band, both at the node level and at the various clique topology
levels?

▶ Does the analysis of higher-order structures of brain connectivity networks
provide novel and better biomarkers for seizure dynamics and also for the
laterality of the seizure focus than the usual theoretical graph analyses?
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Materials: EEG Data (Siena Scalp EEG Database)

EEG data were obtained from the Siena Scalp EEG Database (Detti et al., 2020). We chose
eight patients with left temporal lobe epilepsy (TLE) based on the quality of the signal.

Public available at https://physionet.org/content/siena-scalp-eeg/1.0.0/.

Table: Patient information.

Pat. id Age Gender Localization Lateralization Time (min)

PN01 46 Male Temporal Lobe Left 809
PN06 36 Male Temporal Lobe Left 722
PN07 20 Female Temporal Lobe Left 523
PN09 27 Female Temporal Lobe Left 410
PN12 71 Male Temporal Lobe Left 246
PN13 34 Female Temporal Lobe Left 519
PN14 49 Male Temporal Lobe Left 1408
PN16 41 Female Temporal Lobe Left 303
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Methodology - Data Preprocessing

▶ 1) Downsampling: from 512 Hz to 256 Hz. 2) 1 Hz high-pass filter; notch filter at 50 Hz.
3) The midline electrodes (Fz, Cz, and Pz) were removed (final number of channels: 26).
4) An ICA was performed to remove artifactual components.

▶ Next, we identified the pre-ictal, ictal, and post-ictal phases, and then divided the
signals from each phase into 30s epochs: 30s immediately before the seizures, 30s starting
on the seizures onset, and 30s immediately after the seizures.
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Methodology - Dynamic iPDC Networks Estimated from the EEG Data

▶ iPDC → delta [1 - 4 Hz), theta [4 - 8 Hz), and alpha [8 - 13 Hz);

▶ iPDC → Sliding window technique for each epoch, sliding the window in 10s cuts;
overlap of 8s (11 digraphs on each seizure phase).

▶ VAR autoregression coefficients: estimated through the Nuttall-Strand’s method. Order
for the VAR models: fixed order p = 12.

▶ Only the statistically significant connections were considered; estimated asymptotically
with a significance level of 0.1%. Arc weights and double-edges were removed.
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Methodology - Simplicial Characterization Measures
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Methodology - q-Digraphs - Pre-Ictal Phase vs Ictal Phase (Delta band)
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Methodology - Simplicial Similarity Comparison Distances
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Analysis Pipeline

The raw EEG data was pre-processed in EEGLAB and the iPDC networks were obtained using

the MATLAB package asympPDC (version 3.0).
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Statistical Analysis Results - Simplicial Characterization Measures - Left
Hemisphere

W-statistics of the levels q and frequencies at which the measures showed a statistically
significant increase (p < 0.05) in their magnitude in the ictal phase compared with the
pre-ictal phase:

q (Delta) q (Theta)

id Measure -1 0 1 2 3 -1 0 1 2 3

M1 Global q-efficiency 3 2 2 2 0 - - - 2 3
M2 In-q-degree centrality - 2 3 1 0 - - - 2 3
M3 Out-q-degree centrality - 2 2 1 0 - - - 2 3
M4 Harmonic q-closeness centrality - 2 2 1 0 - - - 2 3
M5 Global q-reaching centrality - 2 2 1 0 - - - 3 -
M6 Average q-clustering coefficient 2 2 1 1 - - - 2 1 1
M7 In-q-degree distribution entropy - - 2 1 0 - - - 3 -
M8 Out-q-degree distribution entropy - - 2 1 0 - - - 3 -
M9 q-Energy 3 2 2 1 0 - - - 2 3
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Means and Standard Deviations - Simplicial Characterization Measures -
Left Hemisphere
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Statistical Analysis Results - Simplicial Characterization Measures - Right
Hemisphere

W-statistics of the levels q and frequencies at which the measures showed a statistically
significant increase (p < 0.05) in their magnitude in the ictal phase compared with the
pre-ictal phase:

q (Delta) q (Theta)

id Measure -1 0 1 2 3 -1 0 1 2 3

M1 Global q-efficiency 2 3 3 0 - 0 - - - -
M2 In-q-degree centrality - - 3 0 - - - 3 1 1
M3 Out-q-degree centrality - - 0 0 - - - 3 0 1
M4 Harmonic q-closeness centrality 1 2 - 0 - 3 - - 3 -
M5 Global q-reaching centrality 1 1 - 0 2 3 1 0 1 -
M6 Average q-clustering coefficient - - 0 3 - 0 - 1 1 1
M7 In-q-degree distribution entropy 2 3 - 0 2 0 - 3 3 1
M8 Out-q-degree distribution entropy 3 3 - 0 2 1 - 2 2 1
M9 q-Energy 2 2 - 0 3 0 - - - 1
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Means and Standard Deviations - Simplicial Characterization Measures -
Right Hemisphere
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Discussion of the Results - Simpicial Characterization Measures

▶ All simpicial characterization measures showed statistically significant increases in their
magnitudes from the pre-ictal phase to the ictal phase, for various levels q, for both
hemispheres, especially in the δ and θ bands, suggesting an increase in clustering,
efficiency, and connectivity, and a shift towards a “more random” organization (both in
relation to inner and outer flow) in higher-order networks.

▶ No statistically significant changes were observed from the ictal phase to the post-ictal
phase.

▶ This may suggest that several topological and functional aspects of the brain networks
change from the pre-ictal phase to the ictal phase, at various higher-order levels of
topological organization (clique organization), especially in the δ and θ bands.

▶ Most of the usual graph measures did not detect significant differences in the left
hemisphere, which may suggest that changes in the network topology at the node level
(q = −1) do not undergo as many changes as in the higher-order network topology.
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Statistical Analysis Results - Simplicial Similarity Comparison Methods

- No statistically significant differences (p < 0.05) between the means of the distributions
d(GL

ic ,G
R
ic ) and d(GR

ic ,G
R
ic ) were observed.

- W-statistics for simplicial distances showing significant differences (p < 0.05) between the
distributions: w1 : d(GL

ic ,G
L
pre) vs d(G

L
pre ,G

L
pre); w2 : d(GL

ic ,G
L
pos) vs d(G

L
pos ,G

L
pos); w3 :

d(GR
ic ,G

R
pre) vs d(G

R
pre ,G

R
pre); w4 : d(GR

ic ,G
R
pos) vs d(G

R
pos ,G

R
pos):

Delta Theta Alpha

Distance w1 w2 w3 w4 w1 w2 w3 w4 w1 w2 w3 w4

Bottleneck Distance - - - - - - 3 - - - - -
p-Wasserstein Distance - - 2 - 0 1 0 - - - - 2

Betti Distance - - - - 2 - 2 - - - - -
1st Topological Structure Distance - - - 0 3 - - 1 - - - 1
4th Topological Structure Distance - - - - - - - - - - - -
5th Topological Structure Distance - - - 2 - 2 - - - - - -

Histogram Cosine Kernel - - - 2 - - - 0 - - - 1
Jaccard Kernel 0 0 0 0 0 0 0 0 0 0 0 0
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Discussion of the Results

▶ Most of the simplicial distances revealed changes in the clique topology of the
networks of both hemispheres, from the pre-ictal phase to the ictal phase,
especially in the θ band, which reinforces the findings obtained by the simplicial
characterization measures.

▶ Regarding the laterality of the seizure focus, the analysis through simplicial
distances did not find any statistically significant difference between the left and
right hemispheres clique topology in the ictal phase.
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Conclusions

▶ In General: Directed higher-order connectivity analysis of digraphs can be used to
reveal differences between digraphs with apparently similar topology as we
increase the level of organization/connection of cliques.

▶ Epileptic Brain Networks: We found evidence that the analysis of higher-order
structures represented by q-digraphs obtained from G-connectivity networks may
be a reliable way to find biomarkers associated with epileptic networks, but its
establishment as a viable rigorous method will depend on future work.
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Codes are available for Python in the DigplexQ package

pip3 install digplexq

https://github.com/heitorbaldo/DigplexQ
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